Abstract: Bond order and valence indices have been calculated by the method of the three-dimensional 'fuzzy atoms' analysis, using the numerical molecular orbitals obtained from plane wave DFT calculations, i.e., without introducing any external atom-centered functions. Weight functions of both Hirshfeld and Becke types have been applied. The results are rather close to the similar 'fuzzy atoms' ones obtained by using atom-centered basis sets and agree well with the chemical expectations, stressing the power of the genuine chemical concepts. (C) 
Introduction
In the last decades it has become customary to treat larger and larger molecular systems in an essentially ab initio fashion by using plane wave basis sets, usually combined with some local DFT formalism and appropriate effective potentials replacing core electrons [1] . While the interpretation of the energetic or geometrical quantities does not represent a problem, it is not trivial to connect the results with the genuine chemical concepts. To this end, an auxiliary basis set built from atom-centered functions is sometimes introduced and the molecular orbitals obtained in the plane wave calculations are projected onto these atomic basis functions [2] [3] [4] . Recently we have followed an opposite direction, and showed that by using the three-dimensional (3D) "fuzzy atoms" formalism, one can extract the actual effective atomic orbitals from the results of the plane wave calculations [5] . For that reason the molecular orbitals (MOs) were obtained on a 3D grid and were subjected to appropriate unitary transformations that maximized-or, in general, made stationary-the net population of the given orbital in the "fuzzy" region of the selected atom. The procedure does not essentially differ from that applied in the case of using conventional atom-centered basis sets for an analogous calculation of effective atomic orbitals in the "fuzzy atoms" framework [6] . This success inspired us to consider another aspects of the 3D "fuzzy atoms" analysis-the possibility of obtaining chemically relevant quantities, such as bond orders and valences, following the scheme used for atom-centered basis sets [7] . That approach has much in common with recent studies employing Bader's topological theory of "Atoms in Molecules" (AIM) [8, 9] . Owing to the complexity of the AIM domains, the "fuzzy atoms" scheme should be simpler (cheaper) and applicable for larger systems.
Accordingly, the aim of this paper is to discuss how one can extract chemical information by using the "fuzzy atoms" approach, i.e., without introducing externally any atom-centered functions, from molecular orbitals obtained in plane wave DFT calculation. It has been found that the results are rather close to those obtained using the similar "fuzzy-atoms" scheme with atom-centered basis sets and agree well with the chemical expectations, stressing the power of the genuine chemical concepts.
Theory

Fuzzy atoms
The term "fuzzy atoms" analysis means that one decomposes the 3D physical space into atomic regions that do not have sharp boundaries but exhibit a continuous transition from one to another. This is governed by the non-negative atomic weight functions w A ( r), assigned to every atom A in every point r of the 3D space, in such a manner that one has
for each atom and every point of the space. Obviously, w A ( r) should be large "inside" atom A and gradually vanish as the distance from the nucleus A increases. Actually there are several schemes used to calculate the values of the weight functions w A ( r). In the present study we have used the weight functions of Hirshfeld's "stockholder's" scheme [10] , as well as the simple weight function of Becke [11] , originally proposed for performing numerical integrations, but serving very well also for the purposes of analysis of chemical nature [7] . Hirshfeld weight functions were obtained from the program CPMD [12] used also for calculating the wave functions (vide infra). These weight functions are computed on the basis of densities of a "protomolecule" in which free atoms are formally put in the positions which the respective atoms occupy in the actual molecule.
1 A detailed discussion of the algorithm necessary to calculate Becke's weight functions has been given in the Appendix of Ref. 7; here we note only some aspects of it: the Becke functions w A ( r) are simple algebraic functions, having the property that w A ( r A ) = 1, w A ( r B ) = 0, (B = A), i.e. the weight function for atom A equals one at the "own" nucleus and is zero at the nuclei of other atoms. Another important point is that these weight functions are determined by the pre-defined set of effective atomic radii, but only the ratios of the radii for different pairs of atoms are playing a role. In the present work the classical atomic radii of Slater [14] and Koga [15] have been used.
The quantities computed
Atomic populations
Dipole moments and atomic populations are easy to calculate. They are also available in the CPMD program using Hirshfeld weights, therefore these quantites were used for testing.
The electron population of atom A is defined as the integral over the respective "fuzzy" atomic domain:
-i.e., the product of the electron density and the weight function of the atom in question is integrated. In practice, of course, the integration is performed numerically, as is indicated above. In the case of a closed-shell electronic system treated by using doubly occupied orbitals ϕ i ( r), the electron density is connected with the MOs through the usual formula
but its values can also be obtained directly from the plane wave calculations on a grid (in practice we obtain them in the Gaussian CUBE format). The resulting atomic charge is given, as usual, by the relationship
A , where Z A is the effective (valence) nuclear charge (i.e., the original nuclear charge reduced by the charge of core electrons compressed into the effective potential of the atom).
Molecular dipole moments
The dipole moments have been calculated by the standard formula
by using again the grid representation of electron density for performing the numerical integration. In Eq. (4) R A is the radius-vector of nucleus A and Z A is its effective charge defined above. In this study we have calculated dipole moments for testing purposes, only.
Bond orders and valences
The bond order between atoms A and B defined in the "fuzzy atoms" framework has been given in Ref. 7 as
In this formula µ, ρ refer to the orbitals of the basis {χ µ } in which the total density matrix D and spin-density matrix P s are expressed and S A , S B represent the atomic overlap matrices with the elements defined as
In the present case we shall use the molecular orbitals ϕ i as the basis-they are available numerically on a grid. In terms of the MOs the density and spin-density matrices are diagonal, with diagonal elements equal to 2, 1 or 0, and 1 or 0, respectively. Orbitals corresponding to the zero diagonal element need not be considered explicitly, of course. Then, introducing the atomic overlap matrix integrals over the MO-s as
Eq. (5) reduces to
where n i is the occupation number of the MO ϕ i and "s. occ." stands for "singly occupied". (It is assumed, that we are dealing with doubly occupied closed shell orbitals with n i = 2, and possibly, with some singly occupied ones of spin α, for which n i = 1. The second term in Eq. (8) comes from the term containing the spin-density matrix.) Elements S A ij of the atomic overlap matrices can easily be calculated numerically by summing the products of values w A , ϕ i and ϕ j for all the grid points, like in Eq. (2).
The total valence V A of atom A given in [7] as
transforms in terms of MO-s to
For closed-shell wave functions it satisfies the relationship
while in the open-shell case one can introduce the free valence of atom A as the difference
In the present work only closed-shell systems were considered, so no free valences have been calculated.
Method of calculations
The electron structure calculations have been carried out with the CPMD code [12] . We have employed a periodic cubic box of length 15.0Å and periodic boundary conditions with the Ewald summation method to account for the electrostatic interactions. The test molecules have been placed into the box and their structures have been fully optimized by DFT calculations using the BLYP exchange-correlation functional [16] . A plane-wave basis set with an energy cutoff of 70 Ry has been used to expand the oneelectron orbitals. 2 Only the valence states have been treated explicitly in the calculations, whereas their interactions with the ionic cores have been described by Troullier-Martins norm-conserving pseudopotentials [16] in the Kleinman-Bylander factorized form [17] . For the 3D fuzzy atom analyses, the Kohn-Sham orbitals of the equilibrated structures have been represented on a discrete grid in Gaussian "cube file" format of 160×160×160 points corresponding to the dimensions of the box and the cutoff applied. The "cube files" of the MO-s have been obtained also as binary files with no round-off applied; that was necessary to reproduce dipole moments with proper accuracy. The Hirshfeld weight functions have been produced only as standard (formatted) "cube files", but that could hardly lead to any considerable loss of accuracy.
We have calculated the Becke weight functions w A ( r) at every grid point by using the routine of the program described in Ref. 7, exactly as it was done in [5] , too. However, here two different sets of atomic radii (Slater's [14] and Koga's [15[) were used in parallel. Similarly to [5] , the numerical integrations have been performed simply by performing summations over the grid points, attributing equal weights to every point-the individual MO-s were normalized in the same manner.
For comparison, we have also performed some conventional atom-centered basis set BLYP calculations (with geometry optimization) and subjected them to the "fuzzy atoms" analysis by using the Becke weight functions and Slates atomic radii. Table I summarizes the data obtained for resulting atomic charges and dipole moments for several molecules. The calculated Hirshfeld charges reproduced perfectly those obtained from the CPMD code. The atomic charges obtained are basically in accord with the chemical expectation, except the probably exaggerated charge separations predicted by the Becke scheme with the Koga radii. (The ratio of the boron and hydrogen radii is practically the same in the Slater's and Koga's sets, hence the corresponding data in the tables are the same, too.) Also, the expected trend of sulfur charges in the dimethyl sulfide (CH 3 -S-CH 3 ), dimethyl sulfoxide (CH 3 -SO-CH 3 ) and dimethyl sulfone (CH 3 -SO 2 -CH 3 ) molecules -according to which the sulfur atoms with higher formal valency should be more positive -is obtained only with the Hirshfeld scheme. The Becke's formula gives too negative sulfur charges for these molecules. Analogous "fuzzy atoms" results have been obtained also by the conventional calculations applying the standard 6-31G** basis set and Slater's radii, which indicates that the use of standard atomic radii, which are kept independent of the chemical environment, is perhaps not adequate for these molecules. (A somewhat similar problem was encountered for fluorine in [7] .)
Sample calculations
As to dipole moments: we have indicated the experimental values where available [19] ; the agreement between the calculated and experimental values may be considered unexpectedly good.
Tables II and III summarize the results obtained for bond orders and valences of the molecules studied. Most numbers are in accord with the classical chemical values. Also their overall behaviour resembles very much that of the "fuzzy atom" results obtained when such an analysis is performed for wave functions resulting from conventional basis set calculations. For instance, the general tendency of getting bond orders between heavy atoms as well as valence numbers somewhat exceeding the respective ideal integer values is common in both cases. In contrast, the conventional "Hilbert-space" valences [20, 21] are often somewhat below these ideal values. Even the somewhat striking deviations, such as the large valence values of oxygen atom of dimethyl ether, are very similar to the respective atom-centered basis BLYP values. (For example, using the 6-31G** basis, this oxygen atom has "fuzzy atoms" valence 2.95, not far from the value 2.97 shown in Table III .) Such a tendency of oxygen valences exceeding 2 are general for all types of valency calculations; they perhaps can be connected to the existence of some characteristic delocalizations of the lone pair orbitals. Similar observations hold for the sulfur valences. For instance, the "Hilbert space" valence of the formally six-valent sulfurs are usually around 5 while the "fuzzy atoms" ones are around seven. Furthermore the "fuzzy atoms" values do not strongly depend on whether localized or plane wave basis sets are employed. Analogously, the 6-31G** Slater valence values of the carbon valences in the α-alanine molecule are 4.78, 4.57, 4.12, again close to the results in Table III , show-ing that these deviations are not connected to the use of plane wave basis and effective potentials, but rather with some peculiarities of the molecule considered and the 3D "fuzzy atoms" analysis used.
The fact that the "fuzzy atoms" valences usually exceed the ideal chemical values may be connected to the fact that this method attributes relatively large secondary bond orders to the pairs of atoms which are not chemically bonded, thus leading to slightly enhanced secondary valence values. Table IV compares selected "fuzzy atoms" total valences calculated by the Hirshfeld scheme whith those values that one obtains if the summation in Eq. (11) is extended only to the nearest neighbouring atoms. It can be seen that the latter are much closer to the expected chemical values.
Conclusions
The analysis of the results of plane wave calculations discussed here -in full accord with those in [5, 8, 9] -indicates that plane wave calculations are not only capable to give accurate energies and structural information for molecular systems, but they can also provide connections between the physical and chemical pictures of molecules, quite similar to those one can obtain from calculations using conventional atom-centered basis sets. It is important to stress that the analysis can be done without introducing externally (i.e., artificially) any atom-centered functions, simply by using the numerical representation of the molecular orbitals; in all other aspects the analysis is performed exactly in the same manner as in the case of conventional "LCAO-type" quantum chemical calculations. In the perspective, the method could be extended to truly periodic systems (polymers, surfaces, solid states); while no conceptual complications are expected, a number of technical problems will be necessary to solve, similarly to the case when the bond order calculations have been extended to polymeric systems in the LCAO framework [22] . 
